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In typical one-dimensional models the Mermin-Wagner theorem forbids long range order, thus preventing
finite-temperature phase transitions. We find a finite-temperature phase transition for a homogeneous system
of attractive bosons in one dimension. The low-temperature phase is characterized by a quantum bright soliton
without long range order; the high-temperature phase is a free gas. Numerical calculations for finite particle
numbers show a specific heat scaling as N2, consistent with a vanishing transition region in the thermodynamic
limit.
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Bright solitons generated from attractively interacting
Bose-Einstein condensates in quasi-one-dimensional wave
guides are investigated experimentally in an increasing num-
ber of experiments[1–10]. As experiments do not truly take
place in one dimension but rather in quasi-one-dimensional
wave guides, providing a thermalization mechanism [11, 12],
this leads to the question whether or not these bright solitons
can be stable in the presence of thermal fluctuations.
The Mermin-Wagner theorem [13] proves that in many
models long-range order in one or two dimensions cannot ex-
ist at finite temperatures [13, 14]; this excludes the existence
of many phase transitions. Finite-temperature transitions
are fundamentally different from quantum phase transitions
(cf. [15, 16]); one-dimensional quantum phase transitions can
be found, e.g., in Refs. [17–19]). While there are some finite
temperature phase transitions in low-dimensional systems like
the Berezinsky-Kosterlitz-Thouless transition in two dimen-
sions [20] or the phase transition in the two-dimensional Ising
model [21], the generic case is that low-dimensional models
to not undergo finite-temperature phase transitions [22]. In-
deed, a book on “thermodynamics of one-dimensional solv-
able models” does not include the word “phase transition” in
its index [23]. For a disordered system displaying Anderson-
localization [24], a finite-temperature phase transition for
weakly interacting bosons in one dimension has been found
in Ref. [25].
A quasi one-dimensional system of attractively interacting
bosons can be modeled [26–29] by the solvable Lieb-Liniger
model [30–32]. One of the challenges for bright-soliton ex-
periments [1–7, 33] is to realize true quantum behavior pre-
dicted, so far, with zero-temperature calculations [34–40]. For
the Lieb-Liniger model, investigations of thermal effects on
the many-body level for bosons in one dimension have so far
focused on the more extensively studied case of repulsive in-
teractions (Ref. [23] and references therein); for finite sys-
tems classical field methods have been applied [41]. In other
soliton models, thermodynamics with interacting solitons has
been investigated [42, 43].
In this Letter we show that attractive bosons in the Lieb-
Liniger model undergo a finite-temperature phase transition;
a bright soliton – no-soliton transition. As bright solitons do
not display long-range order, this does not violate the Mermin-
Wagner theorem. Although bright solitons do not display
long-range order, quantum bright solitons are fundamentally
different from localized states cf. [25]: For the Lieb-Liniger
model, the energy eigenfunction describing a soliton of N-
particles has to obey the symmetry of the Hamiltonian and is
thus translationally invariant.
For N identical bosons on a one-dimensional line of length
L, corresponding to the experimentally realizable [44] box po-
tential, the Lieb-Liniger Hamiltonian reads [30–32]
Hˆ = −
N∑
j=1
~2
2m
∂2
∂x j2
+
N−1∑
j=1
N∑
n= j+1
g1Dδ
(
x j − xn
)
,
where g1D < 0 quantifies the contact interactions between two
particles, m is the mass, and x j the position of the jth par-
ticle. Contrary to the phenomenological model used in [45]
for a harmonically trapped one-dimensional gas of attractive
bosons, we use the complete set of energy-eigenvalues which
are known analytically for large L1 [27, 46],
ELL
({
nr, kr
}
r=1...R
)
=
R∑
r=1
(
E0(nr) +
~2K2r
2nrm
)
,
R∑
r=1
nr = N,
(1)
where the R natural numbers nr correspond to either free parti-
cles, if nr = 1, or matter-wave bright solitons, if nr > 1 (cf. the
energy-eigenfunctions discussed in Ref. [27]; for experiments
with more than two solitons see Refs. [2, 3], cf. [34, 38]).
Each soliton has kinetic energy (proportional to the square of
the single-particle momentum ~kr, shared by all particles be-
longing to this soliton) and ground-state energy [27, 31]
E0(nr) = − 124
mg21D
~2
nr(n2r − 1). (2)
1 The precise limit, which was not discussed in Refs. [30, 31], will be defined
in Eq. (4) after the necessary physical requirements on this limit are stated.
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2We choose periodic boundary conditions (cf. [46]) which lead
to KL having to be an integer multiple of 2pi, thus
Kr =
2pi
L
νr, νr = . . . ,−2,−1, 0, 1, 2, . . .
As we are dealing with indistinguishable particles, many-
particle wave functions [27] are unambiguously defined by
only considering configurations with
n1 ≥ n2 ≥ n3 ≥ . . . ≥ nR.
Because of Eq. (1), the total number of possibilities to dis-
tribute N particles among up to N parts is thus given by the
number partitioning problem [47]
p(N) ∼ 1
4N
√
3
exp
pi√2√
3
√
N
 , N  1 . (3)
The ∝ N3-dependence of the ground-state energy (2) is a
problem for the treatment of the thermodynamic limit (N →
∞, L → ∞ such that N/L = const.) [23]; the Lieb-Liniger
model with repulsive interaction is thus normally used to do
thermodynamics [23]. However, for attractive interactions
treating the limit N → ∞ at fixed interaction would lead to in-
finite densities, cf. [27]. We thus combine the thermodynamic
limit with vanishing interaction – as used in the mean-field
(Gross-Pitaevskii) theory of bright solitons [48].
N → ∞, L→ ∞, g1D → 0, % = const., g˜ = const.,
(4)
where % ≡ N/L and g˜ ≡ Ng1D. When approaching the
limit (4), the energy-gap Egap ≡ E0(N − 1) − E0(N) is an N-
independent energy scale which will turn out to be the relevant
energy scale for thermodynamics; we can express characteris-
tic temperatures as
kBT0 = AEgap; (5)
and subsequently investigate if the prefactor A remains non-
zero in the limit (4). The ground state energy (2) now reads
E0(nr) = −
Egap
3N(N − 1)nr(n
2
r − 1);
in the limit (4) the energy gap is given by
Egap =
1
8
mg˜2
~2
= const. > 0.
Before we choose the canonical ensemble (characterized by
temperature T and particle number N [49]) to do thermo-
dynamics, we should quantify the requirement that L has to
be large in order for the energy-eigenvalues (1) to be correct
within the limit (4). The ground-state wave function for N
bosons is given by ψ0 ∝ exp[−m|g1D|/(2~2) ∑1≤ j<n≤N |x j−xn|];
the size of an N-particle soliton σ ∝ 1/(|g1D|N) [27] and thus
remains a non-zero constant in the limit (4), leading to a sin-
gle particle density ∝ cosh(x/σ)−2 and thus also to a vanishing
off-diagonal long-range order.2 In order for the energy eigen-
values given by Eq. (1) to be valid, the system has to be larger
than the size of a N = 2 soliton (the more particles are in a
soliton, the smaller it gets [27]). To be on the safe side we
ask the wave function to be below e−100 for particle separation
greater than L, that is
m|g1D|
2~2
L ' 100.
For the two relevant energy scales of Eq. (1) this gives an en-
ergy ratio
E(N) ≡ Egap
Enr=1,kin(νr = 1)
= BN2,
B ≡
(mg1D
2~2
L
)2 1
(2pi)2
; (6)
the eigenvalues (1) are therefore a very good approximation
to the true eigenvalues of the Lieb-Linger model (for all tem-
peratures) if
B ' B0 ≡ 100
2
(2pi)2
' 253. (7)
For any choice of {nr}r=1..R, the canonical partition function
will depend on how often solitons of exactly size nr occur.
We thus rewrite these configurations, now listing them using
distinct integers n′r with n′r > n′r+1 and the multiplicity #(n
′
r)
with which the value nr had occurred:
{nr}r=1..R −→ {(n′r, #(n′r))}r=1..R′ , R′∑
r=1
n′r#(n
′
r) = N.
Note that replacing {nr}r=1..R by {(n′r, #(n′r))}r=1..R′ is bijective,
that is, to each set of nr there is exactly one set of
(
n′r, #(n′r)
)
(and vice versa); in the following we can thus always use the
notation which is more convenient. The total canonical parti-
tion function is the sum
ZN,total(β) ≡
∑
{nr}r=1..R∑R
r=1 nr=N
Z
N,
{(
n′r ,#(n′r)
)}
r=1..R′
(β) (8)
over the partition functions for fixed {nr}r=1..R
Z
N,
{(
n′r ,#(n′r)
)}
r=1..R′
(β) =
R′∏
r=1
e−#(n
′
r)βE0(n
′
r)Zn′r ,#(n′r),kin(β), (9)
2 The many-particle ground state can be viewed as consisting of a relative
wave-function given by a Hartree product state with N particles occupying
the GPE-soliton mode ∝ cosh[(x − x0)/σ]−1 and a center-of-mass wave
function for the variable x0 (cf. [27, 50]). The one-body density matrix [48]
then is ∝ cosh[(x−x0)/σ]−1 cosh[(x′−x0)/σ]−1 which vanishes in the limit
|x − x′ | → ∞ even after integrating over x0. Thus, there is no off-diagonal
long range order in our system.
3where the kinetic part can be calculated using the recurrence
relation [51] (which has been used to describe ideal Bose
gases, e.g., in Refs. [52–54])
Znr ,#(nr),kin(β) =
1
#(nr)
#(nr)∑
`=1
Znr ,1,kin(`β)Znr ,#(nr)−`,kin(β), (10)
with Znr ,0,kin(β) ≡ 1 and the kinetic energy part of the single-
soliton partition function is given by3
Znr ,1,kin(β) =
∞∑
ν=−∞
exp
(
−β Egap
nrBN2
ν2
)
'
∫ ∞
−∞
dν exp
(
−β Egap
nrBN2
ν2
)
=
(
pinrBN2
βEgap
) 1
2
.
(11)
Rather than having to explicitly do sums over a large num-
ber (3) of configurations, for larger particle numbers it is
preferable to calculate the partition function again via a re-
currence relation, starting with R = 1 and Z(R=1)M,nR,#(nR)(β), M =
1, 2, . . .N given by Eq. (9). The step R → R + 1 then yields
the case nR+1 = nR with
Z(R+1)M+nR+1,nR+1,#(nR+1)+1(β) =
e−βE(nR+1)ZnR+1,#(nR+1)+1,kin(β)
ZnR+1,#(nR+1),kin(β)
× Z(R)M,nR+1,#(nR+1)(β) (12)
as well as
Z(R+1)M+nR+1,nR+1,1(β) = e
−βE(nR+1)ZnR+1,1,kin(β)
×
M∑
nR=nR+1+1
bM/nRc∑
#(nR)=1
Z(R)M,nR,#(nR)(β), (13)
where bxc denotes the largest integer ≤ x.
From the total canonical partition function (8) we obtain
the specific heat (at fixed particle number N and system size
L, which is proportional to the variance of the energy) as
CN,L(T ) ≡ ∂
∂T
〈E〉 = − ∂
∂T
∂
∂β
ln[ZN,total(β)] (14)
=
1
kBT 2
∂2
∂β2
ln[ZN,total(β)] =
1
kBT 2
(
〈E2〉 − 〈E〉2
)
;
the number of atoms in the largest soliton is given by
〈n1〉(T ) = 1ZN,total(β)
∑
{nr},r=1..R∑R
r=1 nr=N
n1ZN,
{(
n′r ,#(n′r)
)}
r=1..R′
(β). (15)
3 When approximating the sum
∑∞
ν=−∞ exp(−xν2) by the integral∫ ∞
−∞ dν exp(−xν2), the error lies below 10−40 for 0 < x < 0.1 [55]. When
approaching the limit (4), x→ 0 and Eq. (11) thus becomes exact.
For analytic calculations Eq. (11) leads to
1
[#(nr)]!
(
pinrBN2
βEgap
) #(nr )
2
≤ Znr ,#(nr),kin(β)
≤ e
#(nr)c1
[#(nr)]!
(
pinrBN2
βEgap
) #(nr )
2
, c1 ≡ ln(2), (16)
the lower bound being (for temperatures large compared to
the center-of-mass first exited state) the largest term involved
in the sum (10); to obtain the upper bound we choose the value
for c1 such that all 2#(nr)−1 < e#(nr) ln(2) addends in the sum (10)
(treated separately) are of the same order as the highest term.
In order to define a characteristic temperature (5), we now
use the temperature below which finding a single soliton with
N particles is more probable than finding N single particles.
Both partition functions, evaluated at T = T0, thus are the
same,
ZN,1,kin(β0)e−β0E(N) = Z1,N,kin(β0), β0 ≡ 1kBT0 . (17)
While the left-hand side is known exactly [ZN,1,kin(β) is given
by Eq. (11)], the right-hand side of Eq. (17) lies between the
bounds given by Eq. (16). Taking the Nth root of Eq. (17)
for each of these bounds leads [55], in the thermodynamic
limit (4), to two characteristic, N-independent temperatures
T (∞)1 =
2
3
Egap
kB
1
W
[
8
3piB exp(2)
] , (18)
T (∞)2 =
2
3
Egap
kB
1
W
[
2
3piB exp(2)
] , (19)
where W(x) is the Lambert W function which solves
W(x) exp[W(x)] = x [55]. In the thermodynamic limit (4), the
temperature for which it is equally probable to find N single
particles and one bright soliton is lies in the range
0 < T (∞)1 ≤ T (∞)0 ≤ T (∞)2 < ∞
For numerical finite-size investigations we focus on particle
numbers N ≈ 100 relevant for generation of Schrödinger-cat
states on timescales shorter than characteristic decoherence
times [35]; T (∞)2 turns out to be a characteristic temperature
scale already for these particle numbers (see Fig. 1).
Figure 1 shows that the numerical data obtained via ex-
act recurrence relations for the canonical partition function
[Eqs. (9)-(13)]. at the transition many solitons are involved
(Fig. 1 d). Near T (∞)2 , the numerical data is consistent with
both the specific heat and the temperature-derivative of 〈n1〉
scaling ∝ N2 for N ≈ 100.
To demonstrate that we indeed have a phase transition let
us start by focusing on cases where we have N − n particles in
one soliton and n free particles; n = O(N) and N ≫ 1. Using
Eq. (17) to express the partition function for n free particles
corresponds to a system with fewer atoms (n) but the same
g1D thus rescaling Egap and therefore also T
(∞)
1,2 by a factor
4FIG. 1. (Color online) Finite size investigations of the soliton–non-
soliton transition for N = 50 (green/gray solid line), N = 100
(red/black dash-dotted line) and N = 75 (magenta/gray dashed line)
with B = B0. (a) Size of the largest soliton (15) as a function of
temperature. (b) For N ≈ 100, the specific heat (14) as a function of
temperature scales as 0.5kB at low temperatures indicating one bright
soliton. (c) At high temperatures, it scales as / 0.5NkB, demonstrat-
ing a free gas of N atoms. (d) The specific heat near the transition
temperature scales as N2kB. Excluding all states with more than one
soliton (yellow/light gray line, N = 100) clearly indicates the pres-
ence of several solitons near the transition temperature; the area of
coexistence gets smaller for increasing N.
of n
2
N2 ; the bounds in Eq. (16) now become for not too low
temperatures
Zn,1,kin
 1
kBT
(∞)
2
  T
T (∞)2
n2
N2

n
2
exp
 (n + 1)Egap
3kBT
(∞)
2
 ≤ Z
≤ Zn,1,kin
 1
kBT
(∞)
1
n2
N2
  T
T (∞)1
n2
N2

n
2
exp
 (n + 1)Egap
3kBT
(∞)
1
 , (20)
with Z = Z1,n,kin(β) and T
(∞)
2 > T
(∞)
1 . Multiplying this equa-
tion with exp[−βE0(N − n)] to obtain the full partition func-
tion with N − n particles in one soliton and n free particles
and dividing by exp[−βE0(N)] yields that for n ≈ N the n-
dependence (and in particular the question if they grow or
shrink) is dominated by the
(
T/T (∞)1,2
)n/2
-terms. Including fac-
tors of the order of (3) to include the contribution of all other
configurations with N − n particles in one soliton (or directly
including terms with more than one small soliton) does not
change the convergence behavior. Summing over n ≈ N such
that the sum includes a finite fraction of N, say, all n ≥ 0.99N,
we thus have
0 < lim
N→∞
〈n1〉
N
≤ 1, T < 0.992T (∞)1 . (21)
Extending the above reasoning based on Eq. (20) to high tem-
peratures (T > T (∞)2 ) shows that in the sum (15):
lim
N→∞
〈n1〉
N
= 0, T > T (∞)2 . (22)
FIG. 2. (Color online) Characteristic temperatures for the soliton–
non-soliton transition in the thermodynamic limit (4) as a function of
B [Eq. (6) which depends on the ratio of the system size and the size
of a two-particle soliton.]. Upper, magenta/gray dotted curve: above
this temperature, the relative number of atoms in the largest soli-
ton vanishes [Eq. (22)]. For temperatures below the red/black solid
curve, a macroscopically occupied bright soliton exists [Eq. (21)].
The transition region is small compared to the difference of the two
curves (cf. Fig. 1).
Thus, using the canonical ensemble [49] we have shown the
existence of a phase transition in the thermodynamic limit (4)
[cf. Fig. 2].
The N-dependence of the specific heat shows that both in
the high-temperature phase [Fig. 1 (b),(c)] and in the low-
temperature phase [Fig. 1 (b)] predictions of the canonical
and the microcanonical ensemble [49] agree [49]. As the
mean energy is a monotonously increasing function of tem-
perature [Eq. (14)] and as furthermore, the choice of the ther-
modynamic limit (4) leads to a mean energy ∝ N and an N-
independent temperature scale, the ∝ N2 behavior displayed
by the specific heat in Fig. 1 (d) can only occur in a small
(∝ 1/N) temperature range in which both ensembles no longer
are equivalent.
To conclude, we find the existence of a finite-temperature
many-particle phase transition in a one-dimensional quantum
many-particle model, the homogeneous Lieb-Liniger gas with
attractive interactions [Eqs. (21) and (22); Fig. 2]. The low
temperature phase consists of a macroscopic number of atoms
being one large quantum matter-wave bright soliton with delo-
calized center-of-mass wave function (which does not display
long-range order thus not violating the Mermin-Wagner theo-
rem [13, 14]; the Landau criterion [56] which argues against
the co-existence of two distinct phases is also not violated);
the high temperature phase is a free gas. As a harmonic trap
would facilitate soliton formation [58], we conjecture that the
existence of a finite-temperature phase transition remains true
for weak harmonic traps. In experiments, even the integrable
Lieb-Liniger gas can thermalize as the wave guides are quasi-
one-dimensional (cf. [11, 12]).
Via exact canonical recurrence relations we also numer-
ically investigate the experimentally relevant case of some
100 atoms (cf. [5, 35, 36]) with the (experimentally realiz-
able [44]) box potential. The spike-like specific heat provides
further insight: the specific heat (∝ N2) is the derivative (14)
of an energy scaling not faster than ∝ N (4). At low tempera-
tures all atoms form one soliton; the size of the soliton thus is
an ideal experimental signature (cf. [1–10]).
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